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Qualifying Examination for Discrete Mathematics

Department of Applied Mathematics, National Chengchi University

February 2002

∗ ∗ ∗ Among the 6 problems, do any 5 of them ∗ ∗ ∗

1. For any plane graph depiction of a connected planar graph, the Euler’s formula is

that r = e−v+2, where r is the number of regions, e the number of edges and v the

number of vertices. Use Euler’s formula to prove that K5 and K3,3 are non-planar.

2. Evaluate
(

n

0

)
− 2

(
n

1

)
+ 3

(
n

2

)
+ · · ·+ (−1)n(n + 1)

(
n

n

)
.

3. How many ways are there to distribute 25 identical balls into seven distinct boxes

if the first box can have no more than 10 balls but amount can go into each of the

other six boxes?

4. Solve the following recurrence relations when a0 = 1:

(a) a2
n = 2a2

n−1 + 1. (Hint: Let bn = a2
n.)

(b) an = −nan−1 + n!. (Hint: Define an appropriate bn as in part (a).)

5. How many different integer solutions are there to the equation

x1 + x2 + x3 + x4 + x5 + x6 = 20, 0 ≤ xi ≤ 8 for 1 ≤ i ≤ 6.

6. A baton is painted with equal-sized cylindrical bands. Each band can be painted

black or white. If the baton is unoriented as when spun in the air, how many

different 2-colorings of the baton are possible if the baton has 2 bands? 3 bands?

n bands?
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4. N���

Cn0 = 1; Cnk =
n(n− 1) · · · (n− k + 1)

k!
, k > 0

����n���� B�¡¢o

1√
1 + x

=
∑
k≥0

C
− 1

2
k xk.
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6. �ª«681Pcombinatorial methodXEF
n∑

i=0

C
1
2
i C

1
2
n−i = 0, ∀ n ≥ 2,

�¬

C
1
2
k =





1, k = 0
1
2 ( 1

2 − 1) · · · ( 1
2 − k + 1)

k!
, k ≥ 1
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1. A line graph L(G) of a graph G has a vertex of L(G) for each edge of G and an edge of L(G)

joining each pair of vertices corresponding to two edges in G with a common end vertex.

(a) Show that L(K5) is nonplanar.

(b) Find a planar graph whose line graph is nonplanar.

2. Show by a combinatorial argument that

(a) (n− r)
(

n + r − 1
r

)(
n

r

)
= n

(
n + r − 1

2r

)(
2r

r

)
.

(b)
(

r

r

)
+

(
r + 1

r

)
+

(
r + 2

r

)
+ · · ·+

(
n

r

)
=

(
n + 1
r + 1

)
.

3. (a) Find a generating function for an, the number of partitions that add up to at most n.

(b) Find a generating function for an, the number of partitions of n into three parts in which

no part is larger than the sum of the other two.

(c) Find a generating function for an, the number of different (incongruent) triangles with

integral sides and perimeter n.

4. (a) Find and solve a recurrence relation for the number of different square subboards of any

size that can be drawn on an n× n chessboard.

(b) Repeat part (a) for rectangular subboards of any size.

5. How many ways are there to distribute 10 books to 10 children (one to a child) and then collect

the books and redistribute them with each child getting a new one?

6. (a) Find the number of 2×4 chessboards distinct under rotation whose squares are colored red

or black.

(b) Suppose that two chessboards are also considered equivalent (aside from rotation symmetry)

if one can obtained from the other by complementing red and block colors. How many

different 2× 4 boards are there?
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1. Prove that every n-vertex plane graph isomorphic to its dual has 2n − 2 edges. For all n ≥ 4,

construct a simple n-vertex plane graph isomorphic to its dual.

2. Give a combinatorial argument to evaluate

(a)
n∑

k=0

(
n

k

)(
m

k

)
, n ≤ m.

(b)
m∑

k=0

(
n + k

k

)
.

3. How many r-digit quaternary sequences (whose digits are 0, 1, 2, and 3) are there in which the

total number of 0s and 1s is even?

4. Find and solve a recurrence relation for the number of ways to make a pile of n chips using red,

white, and blue chips and such that no two red chips are together.

5. How many ways are there to distribute r distinct objects into n indistinguishable boxes with no

box empty?

6. How many 4-bead necklaces are there in which each bead is one of the colors b, r, or p, and

there is at least one p?
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1. Prove that a self-complementary (a graph isomorphic to its complement) graph with n vertices

exists if and only if n or n− 1 is divisible by 4. (Hint: When n is divisible by 4, generalize the

structure of P4 (a path with 4 vertices) by splitting the vertices into 4 groups. For n ≡ 1 mod

4, add one vertex to the graph constructed for n− 1.)

2. (a) Give a combinatorial argument to evaluate the sum
(

n

1

)
+ 2

(
n

2

)
+ · · ·+ i

(
n

i

)
+ · · ·+ n

(
n

n

)
.

(b) If we write down all the combinations of n letters {1, 2, . . . , n}, that is, all 1-combinations,

all 2-combinations,. . . , how many times does each letter occur?

3. Find the exponential generating functions for the number of ways to distribute r distinct objects

into five different boxes when b1 < b2 ≤ 4, where b1, b2 are the numbers of objects in boxes 1

and 2, respectively.

4. Find and solve a recurrence relation for the number of n-digit ternary sequences in which no 1

appears to the right of any 2.

5. Each of n gentlemen checks both a hat and an umbrella. The hats are returned at random and

the umbrellas are independently returned at random. What is the probability that no man gets

back both his hat and umbrella?

6. How many four-bead necklaces are there in which each bead is one of the colors b, r, or p, and

there is at least one p?
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1. Show that the complete bipartite graph Km,n is not planar for m ≥ 3 and n ≥ 3.

2. For any positive integers m and n, show that (m!)n+1 divides (mn)!.

3. How many ways are there to choose some integer(s) from 1 to 100 without consecutive integers?

4. How many ways are there to write down n pairs of parentheses?

5. Show that the number of elements in exactly 2 sets of A1, A2, . . . , An is
∑n−2

k=2(−1)k
(
k
2

)
Sk where

Sk denotes the sum of the sizes of all k-tuple intersections of A1, A2, . . . , An.

6. How many ways are there to color the six faces of a rectangular box with a square base using

three colors?
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1. Let G be a connected graph. Show that G has an Euler cycle if and only if each vertex of G has

even degree.

2. ��
m∑

k=−n

(
m− k

r

)(
n + k

s

)
=

(
m + n + 1
r + s + 1

)
.
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1. Given any planar graph G with r regions, e edges, v vertices, and c components, show that

r − e + v − c = 1.

2. Draw n lines on a plane, find the maximum number of bounded regions.

3. How many n-digit sequences from {0, 1, 2, 3} are there with an even number of 0’s and an even

number of 1’s?

4. Show that
∑m

n=0

(
2n
n

)(
2m−2n
m−n

)
= 4m.

5. How many ways are there to partition {1, 2, . . . , n} into exactly k subsets?

6. Find the number of ways to color the 12 edges of a cube using 2 colors.
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1. Show that every forest of n vertices and k components has n− k edges.

2. Show that (n!)n+1 divides (n2)!.

3. How many ways are there to distribute 10 different books among 5 students such that each

student gets at least one book?

4. Find the number of n-digit ternary sequences in which no 1 appears to the right of any 2.

5. Find the number of ways to divide an n-gon into triangles with noncrossing diagonals.

6. How many ways are there to color the vertices of a regular 6-gon using three colors?
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1. Show that if G is a connected planar graph, then any plane graph depiction of G has r = e−v+2

regions where e is the number of edges and v is the number of vertices.

2. Show that
m∑

k=0

(
m

k

)(
n

r + k

)
=

(
m + n

m + r

)
.

3. Use a recurrence relation to find the number of r-digit quaternary sequences with an even number

of 0’s.

4. Use a generating function to find the number of r-digit quaternary sequences with an even

number of 0’s.

5. Let A1, A2, . . . , An be n sets in a universe U of N elements and Nm be the number of elements

in exactly m sets. Show that

Nm =
n−m∑

k=0

(−1)k

(
m + k

m

)
Sm+k

where Sm+k is the sum of sizes of all (m + k)-tuple intersections of the Ai’s.

6. How many ways are there to color six faces of a cube using r colors?


