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Let f: R — R a bounded and continuous function. For each n =1,2,..., let 2, : [0,1] = R be a

solution of the differential equation
' = f(x). ()
If the sequence {z,(0)} converges, prove that there exists a subsequence of {x,} which converges

uniformly to a solution of (%) on [0, 1].

Let @1 and Q2 be two continuous functions on an interval [a,b] with Q2(¢t) > Q1(t) for any
t € [a,b]. Let ¢1(t) be a solution of
2+ Qi1(t)r =0

and ¢2(t) be a solution of
x + Qg(t)fﬂ =0

on a <t <b. If t; and ty are consecutive zeros of ¢ on [a, b], show that po has at least one zero

at some point of the open interval t; <t < t5.
Find all critical points of the nonlinear differential system

up =1 —ugug
ub = uy — uj
and determine whether they are stable or unstable.

For each of the following systems construct a Lyapunov function of the form cju? + cou3 to

determine whether the trivial solution is stable, asymptotically stable or unstable.

(&) u) = —uy + e"uy (b) uf = —u + udus © uy = 2uqug + ul
a c
uh = —e"uy — uy uh = —uf — udug uh = —ud + uj

Use Poincare-Bendixson theorem to prove the existence of a nontrivial periodic solution of the
system

!

U = U

1
ub = —uy + (1 — 2u? — 3u3)us.

Let ¢, 9, x be real-valued continuous functions on an interval [a,b]. Let x(¢) > 0 on an interval
a <t < b and suppose that

t

o(8) < 0(t) + / x(s)p(s)ds, V€ [a,b].

a

Prove that

@ﬁ)fgw@)+l/ x@)p@)@q)(ltxhodu>ck7 vt e [a,b.

a
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Show that the differential equation

d?y
—_— 1+t)y=0
oz (1Y

is oscillatory in 0 < t < oc.

Compute the first few Picards’s iterates with yo(z) = 0 for the initial value problem

d
%zxy—l—Qw—:ﬁ, y(0)=0

and show that they converge to the solution y(z) = x? for all .

For each of the following systems construct a Lyapunov function of the form cju? + cou3 to

determine whether the trivial solution is stable, asymptotically stable or unstable.

up = —uq + e"uy uy = —ud + uiuy ) = 2uqus + ul

(b) . (c) . .
uy = —e¥luy — us uy = —uj — uius uy = —uj + uj
Show that the initial value problem

= — 92
dz Y
y(0) =

has a unique solution and this solution exists only in the interval —1 < z < 1.

Let ,, x be real-valued continuous functions on an interval [a,b]. Let x(¢) > 0 on an interval

a <t < b and suppose that

olt) < $(t) + / X(5)p(s) ds, Vi € [a,b].

Prove that
t t
o0 <00+ [ xope e ([ xwdu) ds, vi e
Let ¢ and @ be the solutions of
d*y dy
a2 +p(m)% +q(z)y =0

in the interval @ < 2 < b. Suppose that ¢(zo) = 1 (zo) = 0 for some a < zg < b. Show that
¢(z) = CY(x), Va<z < b,

for some constant C.
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(1) Suppose that f = f(z,y) is a continuous function in some domain D C R? and satisfies the
Lipschitz condition with respect to y in D. Suppose also that (xg,y0) € D. Prove that the
following initial value problem

dy
dx
y(zo)

f(z,y),

Yo,

has a unique solution defined on the interval |z — x| < h, for some h > 0.

Use Poincare-Bendixson theorem to
system
uy

/
Uo

prove the existence of a nontrivial periodic solution of the

= 2u; — 2ug — uy (ud + uj)

= 2uy + 2ug — uz(u? + ul).

Determine the type of stability of the critical point (0,0) of the following system and sketch the

phase portrait

—2uq + ug

—5U1 — 6UQ.

Compute the first three Picard’s iterates with the initial approximation yo(z) = « for the initial
value problem

"=a2®—y?— 1, y(0)=0.

Suppose that a11, a2, a1, ase are real continuous functions on [a, b]. Let

x:fl(t)v x:fQ(t)7
and
y=g(t), y = ga(t),
be two solutions of the system
dx d
= = (e +ant)y, 7 = an(t)r + an(y,

on [a,b], and let W(t) be their Wronskian determinant. Let ¢y be a number in [a, b].

t

(a) Show that W (t) = W(to) exp(ft0 a11(8) + aga(s)ds), a <t <b.

(b) Show that either W (t) = 0 for all ¢ € [a,b] or W(¢) = 0 for no ¢ € [a, D].

For each of the following systems construct a Lyapunov function of the form cju? + cou? to

determine whether the trivial solution is stable, asymptotically stable or unstable.

—uq + e"tuy uy = —u:f + u%uQ = u‘;’ — Uy

u
(b) ()
= —e"u; —us uhy = —uf — ujuy uy =y +uj
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1. State and prove the existence theorem of Picard-Lindelof.

2. State and prove the Sturm’s comparison theorem.

3. Let the matrix A and the vector b be integrable functions of ¢ over [a,b]. Let |A(t)| < k(t)
and |b(t)] < k(t), where fab k(t)dt < oo. Let 7 € [a,b] and consider the initial-value problem
' = A@t)x+b(t), z(7) = £. Use successive approximation method to prove that there is a unique
solution ¢ over [a, b] in the sense that ¢ € Cla,b] and ¢(t) = £ + f: A(s)p(s)ds + f: b(s) ds on
[a, b].

4. Construct a Lyapunov function to determine whether the trivial solution of

uh = u3 — us
uh = uy +ud
is stable, asymptotically stable or unstable.
5. Let f1 and f2 be two solutions of
d*y dy
ao(x)@ + al(x)a +az(2)y =0
on a < x < b, where ag, a1, as are continuous functions on a < z < b and ap(x) # 0 for any
a <z < b. Prove the Abel’s formula: for any xg € [a, b],
_ T a(s)
W(x) = W(xo)exp 4 — dsp, Va<z<b,
o a‘o(s)
where W (z) = W(f1, f2)(x) denotes the Wronskian of f; and fa.
6. (a) State the Poincare-Bendixson theorem.

(b) Use Poincare-Bendixson theorem to prove the existence of a nontrivial periodic solution of

the system
u) = ug
uh = —uy + (1 — 2u? — 3ud)us.
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1. Let y(x) be a solution of the initial value problem 3’ = y — y2, y(0) = yo, where 0 < yo < 1.
Show that yo < y(z) <1 for all z > 0.

2. Solve the initial value problem.

by using Picard’s method of successive approximations.

3. (a) State the Poincare-Bendixson theorem.

(b) Use (a) to prove the system

!
u = ug —
1 2
u? + u3
2 2
W = —u uz(uf +uy — 1)
2 — U1
u%—ku%

has a nontrivial periodic solution.

4. (a) State the Sturm’s comparison theorem.
(b) Use (a) to show that the equation y” + (1 + z)y = 0 is oscillatory in (0, co).

5. Determine the type of stability of the critical point (0,0) of the system

e
S
Il

7U1 + (5]

Uy = —3up + 4dus

and sketch the phase portraits.

6. Find the adjoint equation to the equation z2y” + 3zy’ + 3y = 0.
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1. Consider the differential equation

y @ +4y® 45y + 4y +4y =0

(a) Find the general solution;

(b) Find the initial condition on %(0), ¥/(0), y”(0), and y)(0) so that there is a solution y(t)
such that (i) y(t) is periodic; (ii) limy— o |y(t)| = 0; (iii) y(¢) is bounded.

Let 2/ = —gradV () be a gradient system, where V : U — R is a C? function and U C R" is
open. Show that V(z) <0 for all z € U; and V(z) = 0 if and only if 2 is an equilibrium of the

gradient system.

Let A be an operator on R™. Then the initial value problem

' = Ax

z(0)=keR"
has the solution of the form e?k and there are no other solutions.

Find the general solution of the system

Solve the boundary value problem:

zy” —y — 423y =0,
y(1) =y(2) =0.

Let u(z), p(x), and g(x) be nonnegative continuous functions in |z — | < a and

/z: q(t)u(t) dt
/ p()a(t) exp (

u(z) < p(z) + s o=z < a

.Awq@)ds)(ﬁ’

Then we have

u(z) < p(z) +

for |z — x| < a.
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1. State and prove an existence and uniqueness theorem.

2. (a) State the Poincare-Bendixon theory.

(b) Use Poincare-Bendixon theorem to prove the existence of a limit cycle for the system

%:4x—4y—x(x2+y2)

Y =da+4y —y(® + 7).

3. Let f: R — R a bounded and continuous function. For each n =1,2,..., let @, : [0,1] — R be

a solution of the differential equation
a’ = f(z). (%)

If the sequence {z,,(0)} converges, prove that there exists a subsequence of {x,,} which converges

uniformly to a solution of (x) on [0, 1].

4. (a) Show that the differential equation

d?y
—_— 1+t)y=0

is oscillatory in 0 <t < oo.

(b) State the theorem used in (a).

5. (a) Give a definition of Lyapunov function.

(b) Construct a Lyapunov function for the following system to determine whether the trivial

solution is stable, asymptotically stable or unstable.

2

a =TTty
%:—y—i—xQ.

(c¢) Let ¢,%, x be real-valued continuous functions on an interval [a,b]. Let x(¢) > 0 on an

interval a <t < b and suppose that

o) < (t) + / x(8)p(s)ds, Vt € [a,b].

Prove that ¢(t) < ¥(t) + fat x(s)e(s) exp(f: x(u) du)ds, Vt € [a,b].




BIBe RERABLFANTAEFEE —2HARLEZHE XAM

# 8

Py TR R

. Prove or disprove that the differential equation y” + y = f(z) has a periodic solution provided

that f(x) is periodic.

. Test the stability, asymptotic stability or unstability for the trivial solution of the following

systems:
u) =1n(1 — u3) e
(@) wh=In(1—uy) (b)u = N (]
usy = In(1 — ug)

Sketch the phase portraits of the following systems and determine the types of stability of the
critical point (0,0).

(a) State the Sturm’s comparison theory.

(b) Show that every solution of y” 4+ (z + 1)y = 0 has an infinite number of positive zeros.

State and prove the existence and uniqueness theorem for solution of the initial value problem
y' = f(z.y), y(xo) = yo-

Let f : R — R a bounded and continuous function. For each n =1,2,..., let ,, : [0,1] — R be

a solution of the differential equation
o’ = f(z). (1)

If the sequence {z,,(0)} converges, prove that there exists a subsequence of {x,,} which converges

uniformly to a solution of (1) on [0, 1].




