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1. Sketch the phase portraits of the following systems and determine the types of stability of

equilibrium point (i.e. critical point or fixed point) (0, 0).
2 0 -2 =5

(i)u’z[:g fﬁ]u(ii)u'=[§ é]u(iﬁ)ueb jl]u(iv)u/:{ 5 9 ]u

2. Consider the nonlinear differential system

: ¥ =1-uzy
y =z -5

Find all equilibrium points of the system, and discuss their stability.

3. For each of the following systems, construct a Lyapunov function of the form c1x2 + cay? to
M

determine whether the trivial solution is “stable”, “asymptotically stable”, or “unstable”:
| 2 =28+ a2y =227 92
® (1)

y = —a®—a% Y =—y+axy
4. Prove the existence of a nontrivial periodic solution of the following differential system.

t =2z — 2y — z(z? + 9?)
Y =2z +2y —y@® +¢?)

5. Let p(t) and ¢(t) be continuous functions in [tp, 00). Suppose that all solutions of "+ p(t)z

=0
are bounded in [ty,50). Show that all solutions of & + (p(t) + ¢(t))z = 0 are bounded in [t0,c0)

provided that f;;o lg(?)|dt < oo . |

6. Prove or disprove the following statement.

The solution to the equation

w4yt = 0,u(0) = v'(0) =0,

ig unique.
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1. Show that K33 is nonplanar.
2. ShOW that Zk =0 C;Cn r+k = = CTT;ler?‘l

3. Suppose that 2x points are arranged on the circumference of a circle.
Pair up these points and join corresponding points by chords of the
circle. How many ways to do this pairing so that none of the chords
cross?

4. Find the number of ways to arrange flags on the n-foot flagpole using
three types of flags: red flags 2 feet high, yellow flags 1 foot high,
and blue flags 1 foot high.

5. Given Ay,A,,+,A, €U and 1€{1,2,:--,n}.
Show that the number of elements in exactly m sets is

R0 DRCE B n=mearl Nier A3

6. How many ways are there to print six edges of a tetrahedron using m

colors?
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I. Consider the following problem.

. max Z = b5z; +2x9 433
subject to 21 +Bzy 423 Lby
' z1 —bry —6xz < by

z1, T3, 3320

*The following optimal tableau corresponds to specific values of by and ba:

Basic | 1 | 22 | 23 | 24 | 25 | Solution
Z 0 a | 7T]d]| e 150
zp | 1| b[2]170 30
: T3 0 c | -8 |-11}1 10

‘Determine the following and write down the calculation procedures to get the values:

(a) The right-hand-side value b, and by.
(b) The elements ¢, b, ¢, d, e
-t (c) The optimal dual solution of this problem.

I1. Show by duality that if the problem
. min cr
z

z>0
— ¢,z € R*, A€ R™" be R™

has a finite optimal solution, then the new problem with the same A and ¢

min e
T

st. Az=V (2)
z>0
c,z € R", Ae R b e R™

can not be unbounded below, no matter what value the vector b’ might talke.
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I11. A company sells an item whose demand over the next 4 months is 100, 140, 210, and 180 units, respectively.
The company can stock just enough supply to meet each month’s demand, or it can overstock to meet the
demand for two or more successive and consecutive months. In the latter case, a holding cost of $1.2 is charged
per overstocked unit per month. The company estimates the unit purchase prices for the next 4 months to be
$13, $15, $10, and $12, respectively. A setup cost of $200 is incurred each time a purchase order is placed.
The company wants to develop a purchasing plan that will minimize the total costs of ordering, purchasing,
and holding the item in stock.

(a) Define the following variables:
x; = amount of purchase in month 7, 7 =1,2,3,4.
y; = 1 if there is nonzero purchase in month j; 0 otherwise.
z; = inventory remaining at the end of month j.
Give a Mixed Integer Linear Programming formulation for the problem.

(b) Formulate the problem as a shortest-route model and solve it.

IV. Consider the following network where @) is the source node, ® is the sink node, and the numbers along the
arcs denote the capacities of flows: . -

B (1 ] '{ g V10 4\/\; 20 6 ) -
A ~—r’ 19 S P
L 20 - V/// 5 )
N

(a) TNlustrate a cut separating the source and sink and give the capacity of your cut.

(b) Find the maximum fow from the source to the sink using augmenting path algorithm. Identify the
associated minimum cut of your solution, and verify the max-flow min-cut theorem.
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V. Suppose that the one-step transition probability matrix of a Markov chain is given as follows:

05 03 01 01
02 02 0 06
0 0 1 0
0 0 o0 1

P =

() For each absorbing state, find the probability of absorption into that state.
(b) For each transient state, find the mean amount of time spent occupying that state.

(c) The mean amount of time spent before absorption.

VI. Consider a self-service model in which the customer is also the server. Note that this corresponds to having an
infinite number of servers available. Customers arrive according to a Poisson process with parameter A, and
service times have an exponential distribution with parameter p.

(a) Construct the rate diagram for this queueing system. Let P, denote the stationary probability of n
customers in the system. Use the balance equations to find the expression for P, in terms of Fp. Find
..... PO-

(b) Find the average customers in the system L and the average waiting time in the system W.

(¢) Find the average queue length L, and the average waiting time in queue W.
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L Let (X,Y) be a vendem point chosen uniforml y on
the vegion R= foeyy| 1xi+1y) 22

) Find the ch_alﬂ:ima.Lclensﬁyﬁ-..o_{-._)L,gjai ven Y=-1,
2 Find Var(X | Y= -1),

2 Let (X,Y) have joint density Fixy)= ¢xy o<xeyel,
W) Find ¢ and p(X<3).
(2 FinJ the Jensify of U= X/\'(e

A—’A

3. Llet X, X, ”"\c-]/‘}tx,'é)ﬁ OX , e<xel,

) Find the lower bound for an unbiased estimator
of §.

@ Fid the best unbiased estimator of 6,

%W Let X1, Xe, X3 be independent with X:~ Pcio),

Find the UMP size =0.05 test that &= | against

o< |,

@) Let X+, X be incle'penden'é‘l with X;~N(6,1),

Find the Size— o LRT ,...,.'fOTIQS;tiné”ﬂu_fthﬁtm__@_:?,é._.
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agq;nst 0 x 2.

50 Let Y""E‘A) ond )([Y have a Poisson distributin

with _mean Y. Find the margma/ densd'v of X,
2 3

(2) Let X= (X, X2, X3, Xé‘l—’}f—'ﬂs'-f'&——/ﬁ-——vr,z 1z
I"mJ P ( Xg‘B ! X.:=2).

6. 0 State the Rav - Blac kwel| theovem,
2) Let X, -, Xn be inclependenf with X; ~ E("Q)

>0, Find ¢ |1-o conﬁdence intevya [ for 6.
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n! X3 _Xg
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626 Tables
TABLE 6 POISSON DISTRIBUTION FUNCTIONS. P(X =x), X ~ P(m).

m .
X .10 20 30 40 .50 .60 .70 .80 .90
0 .905 .819 741 670 .607 .549 497 449 407
1 .995 982 963 938 .910 878 844 .809 72
2 1.000 .999 996 992 .986 977 .966 953 937
3 1.000  “1.000 999 .998 997 .994 991 .987
4 1.000 1.000 1.000 999 .999 .998
5 1.000 1.000  1.000
X 1.0 2.0 30 40 50 6.0 7.0 80° 9.0 100 15.0
0 368 .35 050 .018  .007 . .002 .001 . .000 .000

1 736 406 199 092 .040 .017 .007 .003 .00l

2 920 677 423 238 125 062 .030

3 981 .857 .647 433 265 .151  .082

4 996 .947 815 .629 440 285  .173

5 999 983 916 785 616 .446 301

6 1000 .995 966 .889  .762 . .606  .450

7 999 988 949 867 .744  .599

8 1.000 .996 979 932 847  .729

9 999 992 968 916 830

10 1.000 .97 .98 957  .901

11 999 995 980  .947

12 1.000  .998. 991  .973

13 999 996  .987

14 , 1000 999 994

15 999 998

16 1.000  .999

17 1.000

18

19

20

21

22

23

24

25

26

27

28




