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1. Suppose (X, M) is a measurable space, Y is a topological space, and f : X −→ Y .

(a) Prove that Ω = {E ⊂ Y | f−1(E) ∈ M } is a σ-algebra in Y .

(b) If f is measurable, prove that f−1(E) ∈ M for every Borel set E in Y .

2. Let xi > 0 and αi > 0 for i = 1, 2, . . . , n, where α1 + · · ·+ αn = 1. Prove that

xα1
1 · · ·xαn

n ≤ α1x1 + · · ·+ αnxn.

3. Let (X, M, µ) be a positive measure space, and suppose f ∈ L1(µ). Prove that for

each ε > 0, there exists a δ > 0 such that
∫

E
| f | dµ < ε where µ(E) < δ.

4. Does the limit

lim
k→∞

∫ 1

−1

ex cos
(

log k + x√
k + x

)
dx

exist? If so, find its value.

5. If f ∈ L1(IR), and g ∈ C1(IR) with compact support. Prove that
∣∣∣∣
∫ ∞

−∞
f(x)g2(x) dx

∣∣∣∣ ≤ ‖f‖L1

∫ ∞

−∞

[
| g(x) |2 + | g′(x) |2

]
dx.

6. (a) Evaluate ∫ ∞

0

∫ ∞

0

dx dy

(1 + y)(1 + x2y)
.

(b) Deduce from (a) the value of
∫ ∞

0

log x

x2 − 1
dx.

7. Let {xn }∞n=1 be a sequence in a Hilbert space H. We say that {xn } converges

weakly to x in H if for all y ∈ H, 〈xn, y 〉 → 〈x, y 〉 as n →∞.

(a) Suppose xn → x weakly and ‖xn‖ → ‖x‖ as n →∞. Prove that

‖xn − x‖ → 0 as n →∞.

(b) If {xn }∞n=1 is an orthonormal sequence in H, prove that xn → 0 weakly as

n →∞.
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1. Show that L∞(0, 1) is a Banach space, but not separable. (20%)

2. Let

f(x) =


sinx
x

, if x > 0,

1, if x = 0.

Show that the Riemann improper integral
∫∞

0 f(x) dx converges, but f(x) is not

Lebesgue integrable over [0,∞). (20%)

3. Prove the Riemann-Lebesgue Lemma: If f ∈ L1(IR), then

lim
n→∞

∫
IR

f(x) cos(nx) dx = 0.

(20%)

4. State the Fatou’s Lemma and give an example where the strict inequality occurs

in the Lemma. (20%)

5. Prove the Young’s inequality: If a, b ≥ 0, 1 < p, q < ∞, and 1/p + 1/q = 1, then

ab ≤ ap/p+ bq/q. (20%)

6. State the Radon-Nikodym and Fubini’s Theorems. (20%)
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1. Let C[a, b] be the space of all continuous real valued functions defined on the

compact interval [a, b].

(a) Is C[a, b] a closed subspace of L∞([a, b])?

(b) Is C[a, b] a closed subspace of L1([a, b])?

(You should justify your answer!)

2. (a) Let M be a metric space and B be a collection of pairwise disjoint open balls

in M . Show that if M is separable, then B is at most countable.

(b) Discuss the separability of Lp(IRn), 1 ≤ p ≤ ∞.

3. State and prove the Riemann-Lebesgue Lemma.

4. Let X be a Banach space and F be a closed subspace of X.

(a) Define the quotient space X/F .

(b) Define the quotient norm on X/F .

(c) Prove, under the quotient norm, X/F becomes a Banach space.

5. Let E ⊆ IRn be a Lebesgue measurable set with finite Lebesgue measure λn(E).

Suppose f : E −→ IR∗ is a Lebesgue measurable function and

Ek = {x ∈ E | (k − 1) ≤ | f(x) | < k }, k = 1, 2, 3, . . .

Show that, for 1 ≤ p < ∞, f ∈ Lp(E) ⇐⇒
∞∑

k=1

kpλn(Ek) < ∞.

6. Let

β(x) =





e
− 1

1−‖x‖2 if ‖x‖ < 1

0 if ‖x‖ ≥ 1
, x ∈ IRn

and

α(x) = β(x)
(∫

IRn

β(x) dx

)−1

, x ∈ IRn

αε(x) = ε−nα(x/ε), ε > 0, x ∈ IRn.

Show that

(a) α ∈ C∞0 (IRn), suppα = B̄(0; 1) and
∫

IRn α(x) dx = 1.

(b) αε ∈ C∞0 (IRn), suppαε = B̄(0; ε) and
∫

IRn αε(x) dx = 1.

(c) If f ∈ Lp(IRn), 1 ≤ p < ∞, then f ∗ αε −→ f in Lp(IRn) as ε −→ 0. In

particular, C∞0 (IRn) is dense in Lp(IRn).
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1. Let (X, F, µ) be a measure space and {An} be a sequence in F with
∑∞

n=1 µ(An) < ∞. Show

that the set of all points belonging to infinite many An’s has measure zero.

2. Let f(x) = e−[x], where [x] is the greatest integer function. Is f(x) integrable over [0,∞) with

respect to the Lebesgue measure? If yes, compute its integral.

3. Let (X, F, µ) be a σ-finite measure space, k be a bounded measurable function on X and 1 ≤
p ≤ ∞. Define T on Lp(X, F, µ) by

(Tf)(x) = k(x)f(x), ∀x ∈ X.

Show that T is a bounded linear operator on Lp(X, F, µ) and compute ‖T‖ the operator norm

of T .

4. Show that the space C[a, b] of continuous functions on [a, b] is not complete with respect to

L2-norm. What is the completion of C[a, b] with respect to L2-norm.

5. Let (X, F, µ) be a finite measure space and {fn} be a sequence of measurable functions on X.

Discuss the relation of convergence a.e. on X, convergence in measure on X and Lp-convergence

of {fn}, 1 ≤ p ≤ ∞.

6. Let (X, F, µ) and (Y, I, ν) be two measure spaces and

f(x, y) = h(x)g(y), ∀ (x, y) ∈ X × Y,

where h ∈ L1(X, F, µ) and g ∈ L1(Y, I, ν). Show that f is measurable on the product measurable

space (X × Y, F× I) and
∫

X×Y

f d(µ× ν) =
(∫

X

h dµ

)(∫

Y

g dν

)
.
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1. Let ‖ · ‖ and ‖ · ‖′ be two norms on a finite-dimensional normed linear space X. Prove that they

are equivalent.

2. Let f ∈ L1([0, 1]). Show that xnf(x) ∈ L1([0, 1]) for all n = 1, 2, . . ., and
∫ 1

0
xnf(x) dx → 0 as

n →∞.

3. Let (X, S, µ) be a measure space. Identify the dual space L2(X, S, µ)∗ of L2(X, S, µ). You must

justify your answer!

4. Let f ∈ L1([a, b]) and F (x) =
∫ x

a
f(t) dt, x ∈ [a, b], be the indefinite integral of f on [a, b]. Show

that F is continuous on [a, b] and of bounded variation on [a, b].

5. State and prove the Jensen’s inequality for integral.

6. Let (X,S) be a measurable space and {µn} be a sequence of measures on (X, S) such that

{µn(E)} is an increasing sequence for all E ∈ S. Show that the set function µ defined by

µ(E) = limn→∞ µn(E), E ∈ S, is a well-defined measure on (X, S).

7. Let X be a compact Hausdorff space and C(X) be the space of real-valued continuous functions

on X. Let ‖f‖ = maxx∈X |f(x)|, f ∈ C(X). Show that (C(X), ‖ · ‖) is a Banach space.
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1. Let (X, A, µ) be a measure space.

(a) Suppose that 1 ≤ p < r < ∞. Prove that Lp(X,A, µ) ∩ L∞(X,A, µ) ⊆ Lr(X, A, µ).

Moreover, show that if f ∈ Lp(X,A, µ) ∩ L∞(X, A, µ), then ||f ||r ≤ ||f ||p/r
p ||f ||1−p/r

∞ .

(b) If f ∈ Lr(X, A, µ) ∩ L∞(X, A, µ) for some 1 ≤ r < ∞, then limp→∞ ||f ||p = ||f ||∞.

2. Let Ω = {(x, y) ∈ R2 | 0 < x < ∞, 0 < y < 1} and f(x, y) = ye−xy sin x. Show that

(a) Ω is a Lebesgue measurable subset of R2.

(b) f is a Lebesgue measurable function on Ω.

(c) Is f(x, y) Lebesgue integrable on Ω? If yes, find the Lebesgue integral of f(x, y) over Ω.

3. Let H be a Hilbert space and B(H) be the collection of all bounded linear operators on H.

Show that B(H) is a Banach space with respect to the operator norm of linear operator.

4. For 1 ≤ p ≤ ∞, is Lp(X, A, µ) a Hilbert space? (Justify your answer!)

5. Let λ and µ be σ-finite measures on a measurable space. If λ << µ and f = dλ/dµ, then, for

all nonnegative measurable functions g on X, we have
∫

X

g dλ =
∫

X

gf dµ.

6. Let (X, A, µ) be a measure space and {fn} be a sequence of integrable functions on X such that

fn → f a.e. on X. Show that if

lim
n→∞

∫

X

|fn − f | dµ = 0,

then

lim
n→∞

∫

X

|fn| dµ =
∫

X

|f | dµ.
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1. Let X = C[a, b] be the space of continuous functions on [a, b], ||f ||∞ = maxa≤t≤b |f(t)| and

||f ||1 =
∫ b

a
|f(t)| dt, f ∈ X. Show that

(a) || · ||∞ and ||f ||1 are norms on X;

(b) (X, || · ||∞) is a Banach space, but (X, || · ||1) is not;

(c) limp→∞(
∫ b

a
|f(t)|p dt)1/p = ||f ||∞, for all f ∈ X.

2. Let 1 < p < ∞ and f ∈ Lp[0,∞). Show that, for all x > 0, | ∫∞
0

e−txf(t) dt| ≤ ||f ||p(xq)1/q for

some 1 < q < ∞.

3. Let (X, S, µ) be a measure space. What is the dual space of Lp(X,S, µ), 1 ≤ p ≤ ∞?

4. State and prove the Lebesgue dominated convergence theorem.

5. Let (X, S, µ) be a measure space. Show that fn
µ−→ f as n →∞ if and only if

lim
n→∞

∫

X

|fn − f |
1 + |fn − f | dµ = 0,

where µ(X) < ∞.

6. Describe the way of constructing the Lebesgue measure λn on Rn.
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1. Let (X, S, µ) be a measure space and f be a nonnegative integrable function on X. Show that

the set function ν defined by

ν(E) =
∫

E

f dµ, E ∈ S,

is a finite measure on (X, S) and ν << µ.

2. State and prove the Lebesgue dominated convergence theorem.

3. Let ν be a signed measure on a measurable space (X,S). Show that there exists a unique pair

of measures ν+ and ν− such that ν = ν+ − ν− and ν+⊥ ν−.

4. Let M be a compact metric space. Show that

(a) Every continuous function f : M → R admits both maximum and minimum values.

(b) Every closed subset of M is compact.

5. (a) What is complete measure space?

(b) Show that every measure space admits a completion.

6. Let (X, S, µ) be a finite measure space and f ∈ L∞(X,S, µ).

(a) Show that f ∈ Lp(X,S, µ) for all 1 ≤ p < ∞ and

lim
p→∞

||f ||p = ||f ||∞.

(b) Evaluate

lim
p→∞

(∫ 1

0

e−px2
dx

)1/p

if exists.
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1. Define (Tf)(x) = 1
x

∫ x

0
f(y) dy and (Sf)(x) =

∫∞
x

f(y)
y dy. Show that T and S are bounded

linear operators on Lp(0,∞) and Lq(0,∞), respectively, where 1 < p ≤ ∞ and 1 ≤ q < ∞.

Moreover, ||T || ≤ p
p−1 if 1 < p < ∞ and ||T || ≤ 1 if p = ∞; ||S|| ≤ q.

2. Let Y be a topological space and X be a set. If {fα}α∈I is a collection of mappings from X into

Y , can you define a topology on X so that each fα, α ∈ I, becomes a continuous mapping from

X into Y ?

3. Let X be a normed linear space and N be a closed subspace of X. Describe the quotient space

and the quotient norm on X/N ; Moreover, if X is a Banach space, then so is X/N under quotient

norm.

4. Let (X, S, µ) be a measure space, 1 ≤ p < ∞ and f ∈ Lp(X,S, µ). Show that the set {x ∈ X |
f(x) 6= 0} is of σ-finite and µ({x ∈ X | |f(x)| ≥ n}) → 0 as n →∞.

5. Prove the following statements:

(a) Let fn = n−1/pχ[0,n], n = 1, 2, . . ., where 1 ≤ p < ∞. Show that fn → 0 uniformly on R,

but fn 9 0 in Lp(R).

(b) Let gn = χ[n,n+1], n = 1, 2, . . .. Show that gn → 0 pointwise on R, but gn 9 0 in measure.

6. Let (X, S) be a measurable space and ν be a signed measure on (X,S). Show that

(a) If {An} is a sequence of positive set w.r.t. ν, then so is
⋃∞

n=1 An.

(b) There exists a partition {A,B} of X with A positive set and B negative set w.r.t. ν.

(c) Describe the positive, negative and total variation of ν.


