B 3L BLiG K%F&Fﬂﬁi"%f? B F R IR A S H SRR

1. Suppose (X,9M) is a measurable space, Y is a topological space, and f: X — Y.
(a) Prove that Q= {E CY | f~Y(E) € M} is a o-algebra in Y.
(b) If f is measurable, prove that f~1(E) € 9 for every Borel set E in Y.

2. Let x; >0and o; >0 fori=1, 2, ..., n, where ay +--- + a,, = 1. Prove that

it <y o+ @,

3. Let (X, M, 1) be a positive measure space, and suppose f € L!(u). Prove that for
each € > 0, there exists a § > 0 such that [}, | f| du < e where u(E) < 4.

4. Does the limit

. L logk 4+ x
lim ez dz
k—o0 f _|_ x

exist? If so, find its value.

5. If f € L'(R), and g € C*(IR) with compact support. Prove that

[

6. (a) Evaluate

<l [ [lo)F+19@) ) e

— 00

/ /  dxdy
(1+y)(1+ 22 y)

(b) Deduce from (a) the value of
o0
1
[y,
0 -1

Let {z, }72, be a sequence in a Hilbert space H. We say that {xz, } converges

~

weakly to x in H if for all y € H, (x,,y) — (z,y) as n — oo.

(a) Suppose z,, — x weakly and ||, || — ||z|| as n — oco. Prove that
|z — x| — 0 as n — 0.

(b) If {z, }32, is an orthonormal sequence in H, prove that z, — 0 weakly as

n — 0.
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. Show that L>°(0,1) is a Banach space, but not separable. (20%)
. Let
e )
f(z) = r
1, if =0

Show that the Riemann improper integral fooo f(z) dx converges, but f(z) is not
Lebesgue integrable over [0, 00). (20%)

Prove the Riemann-Lebesgue Lemma: If f € L'(IR), then

lim f(x) cos(nz) dx = 0.

n—oo R

(20%)

State the Fatou’s Lemma and give an example where the strict inequality occurs

in the Lemma. (20%)

. Prove the Young’s inequality: If a,b > 0, 1 < p,q < o0, and 1/p+ 1/q = 1, then

ab < aP/p+b/q. (20%)

. State the Radon-Nikodym and Fubini’s Theorems. (20%)
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. Let Cla,b] be the space of all continuous real valued functions defined on the

compact interval [a, b].

(a) Is Cla,b] a closed subspace of L*>([a,b])?

(b) Is Cla, b] a closed subspace of L'([a,b])?

(You should justify your answer!)

(a) Let M be a metric space and B be a collection of pairwise disjoint open balls
in M. Show that if M is separable, then 5 is at most countable.

(b) Discuss the separability of L?(IR"),1 < p < oo.
State and prove the Riemann-Lebesgue Lemma.
Let X be a Banach space and F' be a closed subspace of X.

(a) Define the quotient space X/F.
(b) Define the quotient norm on X/F.
(¢) Prove, under the quotient norm, X/F becomes a Banach space.

Let E C IR™ be a Lebesgue measurable set with finite Lebesgue measure A, (E).

Suppose f : E — IR" is a Lebesgue measurable function and
Ex={zeE|k-1)<|f(x)|<k},k=1,2,3,...

oo
Show that, for 1 < p < oo, f € LP(E) <= Y kPAn(Ey) < o.
k=1

Let )
e =l if ||lz]] < 1
Blx) = ,x € R"
0 e >1
and
-1
otw) =) ([ swyas) o m
R'Il
ae(x) =€ "a(z/e),e >0,z € R".
Show that

(a) a € C§°(IR"), suppa = B(0;1) and [}, o(x) da = 1.
(b) e € C°(IR"), suppae = B(05€) and [p, oe(a) do = 1.

(¢) If f e LP(IR"),1 < p < oo, then f*xac — f in LP(IR") as ¢ — 0. In
particular, C§°(IR") is dense in L?(IR"™).
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. Let (X, F, i) be a measure space and {A4,} be a sequence in F with >~ | u(4,) < co. Show

that the set of all points belonging to infinite many A,,’s has measure zero.

. Let f(x) = e~ where [z] is the greatest integer function. Is f(z) integrable over [0, c0) with

respect to the Lebesgue measure? If yes, compute its integral.

Let (X,3, ) be a o-finite measure space, k be a bounded measurable function on X and 1 <

p < o0o. Define T on LP(X,F, i) by
(TH(x)=k(z)f(z), VzelX.

Show that T is a bounded linear operator on LP(X,F, 1) and compute ||T|| the operator norm

of T.

. Show that the space Cl[a,b] of continuous functions on [a,b] is not complete with respect to

L?-norm. What is the completion of C[a, b] with respect to L?-norm.

. Let (X,J, ) be a finite measure space and {f,} be a sequence of measurable functions on X.

Discuss the relation of convergence a.e. on X, convergence in measure on X and LP-convergence

of {fn}v 1<p<oo

. Let (X, %, 1) and (Y,J,v) be two measure spaces and

f(z,y) = h(z)g(y), V(z,y) € X XY,

where h € L*(X,F, u) and g € L*(Y,J,v). Show that f is measurable on the product measurable
space (X xY,F x J) and

[ e = () ()
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. Let || - || and || - || be two norms on a finite-dimensional normed linear space X. Prove that they

are equivalent.

. Let f € L'([0,1]). Show that 2" f(z) € L'([0,1]) for all n = 1,2,..., and fol " f(x)dr — 0 as

n — oo.

. Let (X, S, i) be a measure space. Identify the dual space L?(X, S, u)* of L?(X, S, ). You must

justify your answer!

. Let f € L'([a,b]) and F(z) = [ f(t)dt, x € [a,b], be the indefinite integral of f on [a,b]. Show

that F' is continuous on [a, b] and of bounded variation on [a, b].

. State and prove the Jensen’s inequality for integral.

. Let (X,S) be a measurable space and {u,} be a sequence of measures on (X,S) such that

{n(E)} is an increasing sequence for all E € S. Show that the set function p defined by
p(E) =lim, o pn(E), E € S, is a well-defined measure on (X, S).

. Let X be a compact Hausdorff space and C(X) be the space of real-valued continuous functions

on X. Let ||f|| = maxzex |f(2)], f € C(X). Show that (C(X), || -||) is a Banach space.
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. Let (X, /) be a measurable space, {u,} a sequence of measures which converge setwise to a

measure u, and {f,} a sequence of nonnegative measurable functions which converge pointwise

[ au<iim [ 1.du.

Let (X, 3, 1) be a measure space and g a nonnegative measurable function in X. Set

vE = / gdpu.
E

to the function f. Show that

Prove that v is a measure in .

If (X, 3, 1u) be a measure space, E; € § and E; D E;;1, then

o0
n <ﬂ EZ> = nh_)n;o nE,.

i=1

. Suppose that f is a bounded linear functional in Hilbert space H. Then there exists y € H such

that
flx)=<z,y >, Vz € H.

. If a linear operator is continuous at one point, it is bounded.
. If {x,} and {y,} are Cauchy sequences in metric space (X, p), then p(z,,yp) converges.

. Suppose that f:[0,1] — [0, 1] is continuous, then there exists € [0, 1] such that

flz) ==z
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1. Let (X, A, ) be a measure space.

(a) Suppose that 1 < p < r < oo. Prove that LP(X, A, u) N L®(X, A, u) C L"(X, A, ).
Moreover, show that if f € LP(X, A, 1) N L=(X, A, p), then || £]l, < [|£I[5/" || £]157/".

(b) If f e L"(X, A, ) N L>®(X, A, p) for some 1 <7 < oo, then lim, .o || f|lp = ||fl|co-
2. Let Q= {(z,y) e R? |0 <2 < 00,0 <y <1} and f(z,y) = ye *¥sinx. Show that

(a) Q is a Lebesgue measurable subset of R2.
(b) f is a Lebesgue measurable function on Q.

(¢) Is f(x,y) Lebesgue integrable on Q7 If yes, find the Lebesgue integral of f(z,y) over Q.

3. Let H be a Hilbert space and B(H) be the collection of all bounded linear operators on H.

Show that B(H) is a Banach space with respect to the operator norm of linear operator.
4. For 1 <p < oo, is LP(X, A, u) a Hilbert space? (Justify your answer!)

5. Let A and u be o-finite measures on a measurable space. If A << p and f = d\/du, then, for

all nonnegative measurable functions g on X, we have

/ngAz/ngdu.

6. Let (X, A, u) be a measure space and { f,,} be a sequence of integrable functions on X such that

fn — f a.e. on X. Show that if
lin |fn—f|dlu:()7
n—oX X

then
lim / Ifnldu=/ fldp.
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1. Let X = Cl|a,b] be the space of continuous functions on [a,b], ||f||lc = max,<i<p |f ()] and

If1l = [P 1£(t)]dt, f € X. Show that
(a) || |loo and || f|]1 are norms on X;
(b) (X,|| - ||s) is a Banach space, but (X, || -||1) is not;

(¢) timpoo ([ |F(D)IP dt)/P = [|£]]oc, for all f € X.

. Let 1 < p <ooand f € LP[0,00). Show that, for all z > 0, | [ e~ f(t) dt| < || f||p(xq)*/? for

some 1 < g < 0.
Let (X, S, 1) be a measure space. What is the dual space of LP(X, S, ), 1 < p < o0?
State and prove the Lebesgue dominated convergence theorem.

Let (X, S, 1) be a measure space. Show that f, —— f as n — oo if and only if

lim |fn = ]

— =0,
n—oo X1+|fn*f|

where pu(X) < oco.

Describe the way of constructing the Lebesgue measure A, on R".
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. Let (X, S, 1) be a measure space and f be a nonnegative integrable function on X. Show that

the set function v defined by
wE) = [ fdu Bes.
E

is a finite measure on (X, S) and v << p.
. State and prove the Lebesgue dominated convergence theorem.

Let v be a signed measure on a measurable space (X,.S). Show that there exists a unique pair

of measures v and v~ such that v = vt — v~ and v+ Lv~.
. Let M be a compact metric space. Show that

(a) Every continuous function f: M — R admits both maximum and minimum values.

(b) Every closed subset of M is compact.

(a) What is complete measure space?

(b) Show that every measure space admits a completion.
. Let (X, S, ) be a finite measure space and f € L>°(X, S, u).

(a) Show that f € LP(X,S, ) for all 1 < p < oo and

lim Hf”p = [ flloo-
p—00

1 ) 1/p
lim (/ e P d$>
p—0o0 0

(b) Evaluate

if exists.
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. Define (Tf)(z) = L [ f(y)dy and (Sf)(z) = [.° %y)dy. Show that T and S are bounded

Tz T

linear operators on LP(0,00) and L4(0, 00), respectively, where 1 < p < oo and 1 < ¢ < oc.

Moreover, ||T|| < % ifl<p<ooand||T|]|<1ifp=o0;]S]| <q.

Let Y be a topological space and X be a set. If {f,}acr is a collection of mappings from X into
Y, can you define a topology on X so that each f,, a € I, becomes a continuous mapping from

X into Y7

Let X be a normed linear space and N be a closed subspace of X. Describe the quotient space
and the quotient norm on X/N; Moreover, if X is a Banach space, then so is X/N under quotient

norml.

. Let (X, S, 1) be a measure space, 1 < p < oo and f € LP(X, S, u). Show that the set {x € X |

f(z) # 0} is of o-finite and p({x € X | |f(z)] > n}) — 0 as n — oo.
Prove the following statements:

(a) Let f, = n’l/pX[Om], n=1,2,..., where 1 < p < co. Show that f,, — 0 uniformly on R,
but f,, - 0 in LP(R).

(b) Let gn = X{n,n+1]> » = 1,2,.... Show that g, — 0 pointwise on R, but g, + 0 in measure.

Let (X,S) be a measurable space and v be a signed measure on (X, S). Show that

(a) If {A,} is a sequence of positive set w.r.t. v, then so is |J;—, 4,.
(b) There exists a partition {4, B} of X with A positive set and B negative set w.r.t. v.

(¢) Describe the positive, negative and total variation of v.




