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1. Let X1, X2, X3 be independent with density f(xi) = exp(−xi), xi > 0. Let

U1 = X1+X2+X3, U2 = (X1+X2)/(X1+X2+X3), and U3 = X1/(X1+X2+X3).

Find the joint density of U = (U1, U2, U3).

2. Suppose that a rat is in a maze with two possible directions. If it chooses left, it

wanders around the maze for four minutes and comes back to where it started. If

it chooses right, then with probability 1/4 it will depart the maze in five minutes,

and with probability 3/4 it will come back to where it started after three minutes.

We assume that at the beginning and whenever it returns to the start, it chooses

to go right with probability 1/5.

(a) Find the expected time until the rat escapes the maze.

(b) Show that the probability that the rat stays in the maze forever is zero.

3. Let X1, . . . , Xn be independent, and let Xi ∼ N(µ, σ2), n > 1.

(a) Find the distribution of the sample mean X.

(b) Find the distribution of the sample variance S2.

(c) Show that X and S2 are independent.

4. Let X1, . . . , Xn be independent, and let Xi ∼ N(µ, σ2), n > 1. Prove or disprove:

(a) X is the best unbiased estimator of µ.

(b) S2 is an efficient estimator of σ2.

(c) XS2 is an efficient estimator of µσ2. (Hint: V ar(XS2) = 2σ4

n(n−1) + 2µ2σ2

n−1 + σ6

n .)

5. State and prove the Neyman-Pearson theorem.

6. Let X1 and X2 be independent, with Xi ∼ B(1, θ). Consider testing that θ = 0.4

against θ > 0.4. Let Φ(X1, X2) be the nonrandomized test which rejects the null

hypothesis if X1 = 1.

(a) Show that T = X1 + X2 is a sufficient statistic.

(b) Show that Φ∗(T ) = E[ Φ(X1, X2) | T ] = 0 if T = 0, Φ∗(T ) = 1/2 if T = 1,

and Φ∗(T ) = 1 if T = 2.


